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The classical genus theory of Gauss has been extended by Hilbert from the 
quadratic field over the rational field to the Kummer field over the cyclotomic 
field as a precise analog. Still, many problems involving the computation of 
pure cubic unit and class number are related to the rational and not the cubic 
cyclotomic field. It is, therefore, desirable to have (at least partially) a genus 
theory of cubic characters and an analog of such things as Hilbert’s Theorem 
90, ambiguous (principal) classes, and class group invariants divisible by 3 
and 9,-ail based on the rational field. This study shows a strong similarity 
between pure cubic and quadratic fields. 
1. INTRODUCTION 
For the quadratic field, the classical genus theory of Gauss [4] represents 
a level of perfection which seems unequaled for any other type of field. 
This theory relates ambiguous, ideal classes with the fundamental unit 
in a manner which is easily understood in terms of rational arithmetic. 
If we deal with a pure cubic field, generated by the adjunction of a cube 
root to the rational field, we can construct a “partial” genus theory with 
some analogies to the ambiguous classes. While the connection between 
these concepts is not as strong as for quadratic fields, the theories enable 
us to find the class number h to be divisible by some power of 3, (say) 
3” 1 h (and h 2 3”). 
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We also show how such a theory is related to the fundamental unit 
(of the pure cubic field) through the concept of principal factors of the 
discriminant, or divisors (>l) of the discriminant which are norms of 
(nonsurd) integers in the field. The concept of principal factors, of course, 
also occurs in the quadratic field where (for real fields) it is intimately 
related to the relation of ambiguous classes to the solution of 
x2 - ny2 = -1, (as developed by Dirichlet, see [I l] and [13]). 
Classically, in the quadratic case, we construct a system of (say) u 
independent residue characters to test whether an ideal class is a perfect 
square. We thereby know that the class number h is divisible by 2”. In 
some cases, however, we can go further, as in the case of so-called 
“irregular determinants” and show by quadratic characters that h/2” 
is even, or divisible by a higher power of U, (say 2”). 
Actually, such results are often described as the divisibility of several 
of the class group invariants by 2 through “genus arguments” or by 4 
through “irregular determinant arguments”. We shall of course discover 
repeated factors of 3 and 9, respectively, for the pure cubic case. There 
the cubic characters involved in the “partial” genus theory give only a 
necessary condition for an ideal class to be a perfect cube. Despite this 
fact we can still obtain rather strong divisibility results. 
Our theory is independent of Hilbert’s “Kummer field theory” (see [7], 
[5]) generated by the adjunction of a complex cube root of unity to the 
pure cubic field (in this case). It is, therefore, of some interest that 
comparison of the pure cubic and real quadratic field can bring out so 
many useful analogies. 
2. NOTATION AND TERMINOLOGY 
Let us first consider the broad outlines of a theory equally applicable 
to the real quadratic and the pure cubic field. We list designations and 
comments: 
I = 2 or 3 (the degree of the field). 
n = Z-power-free integer (> l), generator of the field Q(rP). 
E = fundamental unit of Q(nllz), (chosen so E > 1, but N(E) = & 1). 
t = numbers of totally ramified primes in Q(#), including all 
prime factors of n and (possibly) 1. 
ri = the totally ramified primes; j = 1, 2,..., t, and if 1 occurs, 
we set I = rt . 
s = number of such primes which are -l(mod l), so 0 < s < t 
and these primes are designated r, ,..., rs . 
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R = r, ,..., rt product of (distinct) totally ramified primes. 
d = discriminant of Q(nllz). 
D = set of all It divisors of Rz-l, namely, 
d = I?,..., @(O < ei < 1), (the set D includes 1 and n). 
D’ = group (of order P) formed by elements of D under multi- 
plication subject to the equivalence dI d, =1 d3 , where 
“=L” is defined by dI =1 d2 means dIAz = dzB1 for rational 
integers A, B, (AB # 0). 
H = group of ideal classes of Q(rW), (nonstrict when I = 2). 
I = principal ideal class (identity element of H). 
h = order of H, [class number of Q(nllz)]. 
a. Designations relative to ambiguous class structure 
tui = prime ideal divisor of (rj)(=tDjz), N(q) = rj , (where 
1 <<j < t). 
b = I?$‘,..., top, (so that N(b) = d), the “ambiguous” ideals. 
D* = set of ideals b (in biunique correspondence with the set of 
norms D). 
K(d) = ideal class of b (not necessarily distinct for distinct b). 
Hz = “Z-subgroup” of H, (all “ambiguous” classes KE H for which 
Kz = 1); thus each K(d) E H. 
hl = I”, the order of Ht 
Hz* = subgroup of H consisting of K(d), (hence generated by the 
classes of mi ,j = l,..., t). 
hl* = It--l-e, the order of Hi*. Thus 
/l+e = number of elements of D* which are principal ideals. This 
is a power of I since these elements form 
D,’ = subgroup of D’ (which are norms of principal ideals b). Since 
D’ includes n (norm of nllz), then e > 0. In other words, 
1 + e = number of independent (multiplicative) relations among 
the classes K(d). 
If = index of Hz/Hz*, (or the number of “ambiguous ideal classes 
without ambiguous ideals”, when 1 = 2). More generally, 
f is the number of classes required to generate Ht from Hl*. 
Finally, hl is determined by 
u=t-1-e+f 
b. Designations relative to the genus structure 
xi(K) = [fWM-ill = I,..., pz-l [for (p” - I)/+ - 1) = 01, a rational 
residue character for i = 1 ,..., swhereai~Kand(N(ai),rt) = 1. 
The symbol must be well-defined for any such choice of at . 
The f sign is taken as (N(ai)/rt-,), when I = 2 and some 
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(say) rtPl = -I (mod 4). Here we assume, in addition. 
(N(nJ. T~-~) = 1. [When I = 3. or I == 2 and no primes 
r, ~~~ --I (mod 4) exist, then the -:: sign is taken as -. 
naturally.] In particular 
xiLW41 = kk4rfh if ri T d. If t-f< :I d and t$‘l ~, II, however. [where 
(aibi , 1) = 11, we solve a, :- bici (mod I) and find d,* E D 
so that di* =L dInei, by the group property of D’. Then, 
ri +’ di* and K(d) = K(di*). Thus 
xdD(41 = (fdi*lrih . 
w = number (<s) of independent characters xi, or the minimum 
number of subscripts i for which the relations Xi(K) = 1 
(over these subscripts i) imply xj(K) = 1 for all subscripts 
(and arbitrary K). 
G, = subgroup of H consisting of those classes K for which 
xi(K) = 1, for all i, or the principal genus. 
g = h/P = order of G, , (the number of classes per genus). 
c. Designations relative to the “irregular determinant” structure 
G,* = H,* n G, , the subgroup of Hl* formed by classes K(d) with 
all characters unity. 
D, = subset of d E D for which K(d) E GO* 
1” = order of G,* (so I” divides h/P). Thus in terms of abelian 
group structures: 
H = Z(P1) x ..* x Z(Pu) x W where Z(M) is a cyclic group of 
order A4 and W is an abelian group of order prime to I, (all 
aj > 0). 
HI = Z(f) x *.a x Z(I), (with u factors). 
G,, = Z(W) x a** x Z(Pu) x W, with exactly w of the values 
qj = aj - 1 3 0 while the remaining u - w values satisfy 
qi = aj > 0. Finally, 
1 + iO = number of values of qj > 0 (in case at least one exists). Thus 
iu is called the “degree of irregularity of G, (with respect to 1) 
for the determinant d,” in accordance with classic terminology 
[8], (where “irregular” means “noncyclic”). 
A primary algebraic integer of Q(nllz) is a number 01 satisfying the 
relation 
1 < LX/I N(a)ll/l < E. (2.1) 
(It is easily seen that every algebraic integer OL has exactly one primary 
associate of the form &or@‘). 
A primitive integral ideal (or actual integer) of Q(nllz) is one not 
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divisible by a rational integer >l. (Every ideal is reducible to a unique 
primitive ideal by division by a rational integer). 
The main result will necessarily have the form: 
THEOREM 2.1. Ev I h, 
where 
(2.2) 
u=max(t-l-e+f,w+m). (2.3) 
The question, of course, is to show how to make u as large as possible. 
[This occurs in (3.11) and (4.13) below.] 
3. CLASSICAL RESULTS FOR THE QUADRATIC FIELD 
We next present the real quadratic case, referring proofs to the literature 
[2]. Our purpose is to provide the best contrast to the cubic case, where 
the theorems are analogous but the proofs differ significantly sometimes. 
First consider the ambiguous class group structure (see Section 2a): 
THEOREM 3.1 (Quadratic). The values of e, A and u are given by the 
following table: 
Type of n NC4 e f u 
=x2 + y2 -1 0 0 t-l 
=x2 + y2 +1 1 1 t-1 
+x2 + Y2 +1 1 0 t-2 
If N(E) = $1, we can find exactly two primary integers &al, k.01~ in 
Q(n112) such that 
E = +x12/N(a2) = -&t01~~/N(a,). (3.1) 
Here 01~ and 01~ are divisible only by the ramt$ed primes q and are related 
by fqa2 = n112 or 2n112. Furthermore, easily 
2” I h. (3.2) 
The numbers j N(q)1 = dI , 1 N(cu,)I = d, are called principal factors 
of the discriminant since 
dId2 = R(=A or A/4). (3.3) 
The equations (3.1) is recognized as a form of the famous Hilbert 
“Theorem 90” [7], but the uniqueness may not be recognized as immediate. 
(We note that, from (3.1) LX~/CL~ is rational or else a pure quadratic surd, 
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or square root, hence a rational multiple of 1~~:‘). Thus a unique principal 
factorization is determined in (3.3). In general, the problem of determining 
which possible factorization occurs is as deep as the problem of the 
solvability of x2 --- rr.v2 =m ---Al (see [13]. [ll]). Principal factors can play 
an important role in the tabulation of units, since 01~ , iy2 are generally 
smaller numerically than E, (see [S]). 
COROLLARY 3.1.1 (Quadraric). The class number h is odd if and only 
if 
n = 2, P, 2ql , qlq2 , (3.4) 
where p = odd prime and ql , q2 are primes = - 1 (mod 4). 
The proof consists of an enumeration of the cases where u = 0 in 
Theorem 3.1 (see [12]). 
We move on to the genus structure (see Section 2b): 
THEOREM 3.2 (Quadratic). The number of independent characters 
equals the number of generating ambiguous classes, i.e., 
w = u. (3.5) 
In terms of the (ambiguous) 2-group H2 and principal genus group G, , as 
subgroups of the class group H, we have 
H, = HiGo, G, = H/Hz. (3.6) 
Otherwise expressed, the equation K = L2 is solvable (in H) exactly when 
KEGS. 
Actually (3.5) covers a great variety of cases which need not be enu- 
merated here. To complete the familiar classical background we should 
mention that an additional character x0 is added to the independent set 
x1 ,..., xU satisfying for all K(in H) 
co xi(K) = 1. (3.7) 
Here x,,(K) is a Kronecker character (see [2]) or r0 (which designates rt 
according to the choice of subscripts in Section 2), i.e., x&K) = 
[fiV(a,J/r,]. This special amenity of the quadratic case does not generalize 
to the pure cubic (over rationals). 
We finally consider just the “irregular determinant” structure which 
produces a maximum degree of irregularity (see Section 2~): 
PURE CUBIC FIELDS 13 
THEOREM 3.3 (Quadratic). In the event that all classes K(d) satisfy 
the “maximum degree of residuacity” 
xiMO1 = 1 (i = 1, 2 ,..., u), (3.8) 
then 
m=t-l-e, (3.9) 
f+ max(m - 1,0) 3 iO 3 max(m - l,O). (3.10) 
In particular we have the following cases: 
Type of n WE) m u+m 
=x2 + y2 -1 t-l 2t - 2 
=x2 + y2 fl t-2 2t - 3 
+x2 + Y2 +1 t-2 2t - 4 
MAIN THEOREM 3.4 (Quadratic). In any case, regardless of whether 
or not the “maximum degree of residuacity” is attained, 
2”+ 1 h. (3.11) 
The proof of Theorem 3.3 simply requires the observation that the 
value of 2” [from (3.9)] is the order of H,* which then lies in G,*. When 
the “maximum degree of residuacity” occurs [see (3.8)] and f = 1, we 
would really be interested in m + f. where f. = 1 or 0 depending on 
whether or not the “ambiguous class without ambiguous ideal” is of 
positive quadratic character. Then iO = max(m + f. - 1,O). [This 
explains the uncertainty in (3.10).] 
The further specification of possible cases (compare [9]) would be 
superfluous here. We have achieved (exactly) u instances where an 
invariant of the class group is divisible by 2 and (at least) m instances of 
divisibility by 4. There are more refined techniques, indeed for inducing 
or preventing divisibility by 8, (see [l]), but they do not carry over to the 
cubic case directly. 
4. ANALOGOUS RESULTS FOR THE PURE CUBIC 
The available cubic analogs of Theorem 3.1, 3.2, and 3.3 are weaker 
algebraically in terms of the group concepts (of Section 2b), but are still 
of surprising power in determining class number divisibility and under- 
standing the diophantine nature of units. We first state the analogs: 
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THEOREM 4.1 (Cubic). Either e = 0 or e = 1. Exactly, when e =m= I 
we can determine six primitive integers of’ Q(n1f3) in two triples 
4% 3 TIL’Y2 zt% 3 . iA 2 zkP2 > dt$3 3 (4.1) 
which are unique except (for order of each triple) so that 
E = -&i3/N(cyJ, (i= 1,2,3), (4.2a) 
E2 = *pi”lN/%), (i= 1,2,3). (4.2b) 
Here 01~ and j$ have only LDj( j = i, 2,... , t) as possible prime divisors and 
their norms are elements of’ D related by 
N(aJ =3 iN(a,) ni (i= 1,2,3), (4.3a) 
NBi) =3 zt NW ni (i= 1,2,3), (4.3b) 
Nd =3 rtWJ2, WA) =3 *N%)2. (4.3c) 
Thus if u’ = t - 1 - e, easily 
3”’ 1 h. (4.4) 
We shall see how the norms of the six integers (9) are related to 
“principal factors of the discriminant” (see Section 7). We shall also see 
how residuacity conditions can preclude our having e > 0, (see Section 8). 
THEOREM 4.2 (Cubic). If there are s(<t) totally ramljied primes 
ri = 1 (mod 3), i = 1, 2 ,..., s, then there are w = s independent cubic 
residue characters 
xi(K) = PYaJlri13 i = 1, 2 ,..., s, (4.5) 
where ai E K and (N(ai), ri) = 1. An ideal class can be a perfect cube only 
if a11 s characters are 1, (but not conversely unless s = u). Symbolically 
these inclusions are valid. 
Go 2 HIH, , H3 2 HIGo, (4.6) 
(i.e., H/H, denotes the subgroup of perfect cubes in H and this subgroup 
may correspond only to a part qf G,). Consequently we have 
u=t-I-e+f>s. (4.7) 
(In Section 8, we shall use (4.7) to demonstrate cases where f > 0). 
COROLLARY 4.2.1 (Cubic). The class number h is divisible by 3 except 
possibly when 
n = 3,9, p1 , p12, 3~~ , 9p12, 9~1 J 3p12, p1 p2 , PEPPY’, ~32~4 ,~3 ~2 (4.8) 
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where the primes pi = - 1 (mod 3) and plpz = 1 (mod 9) or p3 = p4 
(mod 9). 
For the possible exceptions listed, no case is known where 3 I h (compare 
[3], [2a]). Note that although this result is analogous to Corollary 3.1.1 
it is appended to the (genus) Theorem 4.2 not to the “ambiguous ideal” 
Theorem 4.1 as in the quadratic case. 
THEOREM 4.3 (Cubic). Let all classes K(d) satisfy the “maximum 
degree of residuacity” 
xiPW1 = 1 (i = 1, 2 ,..., s). (4.9) 
Then 
m=t-l-e 9 (4.10) 
i0 3 max(m - 1, 0), (4.11) 
and easily, 
38+&-1-e 1 he (4.12) 
Theorem 4.3, like Theorem 3.3, is an extreme situation. It is both 
simpler and weaker than its analog because no connecting relation exists 
such as (3.7) or (3.6). If we restrict ourselves to quantities amenable to 
direct computation of units and residuacities, we obtain the following 
result: 
MAIN THEOREM 4.4 (Cubic). Let 
Then 
u’ = max(t - e - 1, s + m). (4.13) 
3”‘ / h. (4.14) 
The idea of using cubic genera is implicit in Markoff [lo], but the 
improvement gained by “irregular determinant” properties is new here. 
We thus have u 3 s factors of 3 in the class group invariants by Theorem 
4.2 and possible factor of 9, (not easily specified). Nevertheless, unlike 
the quadratic case, Theorem 4.1 may be more powerful even than Theorem 
4.3 so, in the cubic case, the Main Theorem can not bypass Theorem 4.1, 
as expressed in (4.13). 
5. PRELIMINARY RESULTS ON CUBKX 
It is necessary to repeat a minimum of information concerning the pure 
cubic ideal theory, according to Markoff [lo] and Dedekind [3] (also see 
Mathews [9a]), for comparison with the quadratic case. 
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Let IZ = UP, (a, b) = 1 for square-free a and 6. Then there are three 
cases analogous with the quadratic fields where n = 3, 2, and I, 
respectively (mod 4): 
a + *b(mod 9) 3 rub R = 3ab k = 3ab A = -3R2, (5.la) 
a + &b(mod 9) 3 j ab R = ab k = 3ab A = -21R2, (5.lb) 
arfb(mod9) 3Tab R=ab k=ab A= -3R2. (5.lc) 
Here R = r, ,..., rt , A = -3k2 [the discriminant of the field Q@z~‘~)]. 
Cases (5.la) and (5. lb) are called “Dedekind type 1” and (5.1~) is called 
“Dedekind Type 2”. The general integer of the pure cubic field is 
h = [x + y(ub2)l13 + z(a2b)li3]/3, (5.2) 
where 
x = y = z = O(mod 3) if a + fb(mod 9) (Type 0, 
x = y = z(mod 3) if a = b (mod9) (Type 2). 
(In the last case we must attach a possible - sign to a or b to ensure that 
a = b = 1 (mod 3), but this matter can be ignored here). Taking norms 
we find 
27N(h) = x3 + ab2y3 + a2bz3 - 3ab xyz. (5.3) 
Thus any principal ideal has a norm which is a multiple of or a cubic residue 
of every rational prime divisor of R, (including 3). The result is significant 
naturally for primes = 1 (mod 3). 
The ideal factorization theory (see [lo], 131) is as follows: 
(i) If ri j R then (rJ = mi3; N(ID~) = ri . 
(ii) If q = 2 (mod 3), q +’ R, then q = qlq2, where N(q,) = q, 
Nq2) = q2. 
(iii) If p = 1 (mod 3), p f R, then p = p1p2p3, where N(p,) = p if 
(n/p), = 1 and p is prime if (n/p), f 1. 
(iv) If 3 T R (type 2 only), then 3 = 3,322 where N(3,) = N(3,) = 3. 
6. COMPLETION OF THE PROOFS IN THE CUBIC CASE 
First take Theorem 4.1. We must show that if e > 0, we have the 
uniqueness property of (4.1). This will establish e = 1. Let us suppose 
we have a (primary) primitive principal ideal (a) which is a product of the 
primes mi only and which is not rationally equivalent to 1, (ubz)li3 or 
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(u2b)lj3, (i.e., to powers of n1i3, essentially). Then (L-X)” = [N(a)], as ideals, 
or for some rational integer j. 
a3/N(o!) = d. (6.1) 
Actually 0 <j < 2 by the definition of the primary form of 01 in (2.1). 
Also j + 0 for then [ZV(01)]lj3 is a cubic surd in Q(n1j3) contrary to the 
exclusion of cx equivalent to powers of n1i3. Thus 
cx3/N(a) = E or l 2 (6.2) 
It is now clear that any o(< or fli satisfying (4.2a) or (4.2b) leads to two 
sets of three by (4.3a), (4.3b) and (4.3~). Hence to prove uniqueness we 
need only show that any 01 satisfying (4.2a) determines every p satisfying 
(4.2b) according to (4.3a), (4.3b), and (4.3~). (For then going one step 
further the /I determines every 01 according to the same relations. But 
then cx determines itself, which is the essence of uniqueness). Now the (II. 
in (4.2a) and the 6 in (4.2b) satisfy fl”/~” = N(@/N(o~)~ and 
/3 = cG[N(a) N(/3)]‘qN(a). (6.3) 
But the only pure cubic surds are again multiples of (ub2)li3 and (a2b)‘/3 
so (6.3) leads back to (4.3a), (4.3b), and (4.3~). Q.E.D. 
To prove Theorem 4.2, recall that by the cubic residue property of 
N(h), deduced from (5.3), Xi(K) is well defined. To show independence 
we need only produce classes Kj*, (j = 1,2,..., s), for which 
xi(Kj*) = 1 if j f i, (6.4a) 
# 1 if j = i. (6.4b) 
We do this by selecting rational primes qj E 2(mod 3), qj f R such that 
(qi/rJ3 = 1 if j f i, (6.5a) 
f 1 if j = i. (6.5b) 
Such qi exist since they are each determined by arithmetic progressions. 
Also qj = qjqj’ iV(qJ = qj according to the factorization theory, so we 
can let Kj* be the class of qj . (Of course the order of Kj* is divisible by 
3). Q.E.D. 
Corollary 4.2.1 is merely an examination of cases. 
Theorem 4.3 is a direct consequence of definitions and the fact that 
e < 1, or the principal factors represent only one possible additional 
restraint on the classes K(d). 
641/2/r-a 
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7. PRINCIPAL FACTORS 
Let us view Theorem 4.1 in rational terms. We are interested in D,’ 
the elements of the set D of divisors of R2 which are the norms of principal 
ideals, (with prime divisors consisting only of totally ramified primes). 
Clearly 1, (ab2)1/3, (a26)l13 are such ideals, trivially, with norms 
1, ab2, a2b (7.1) 
When e = 1 let d be such a principal norm (in Dl’). Then the relations 
(4.2a) and (4.2b) determine six cube-free principal norms equivalent (under 
=3) to 
d, dab2, da2b, (7.2a) 
d2, d2ab2, d2a2b. (7.2b) 
The norms equivalent to (7.2a) and (7.2b) are called theprincipalfactors of 
the discriminant A (really of R2). Certainly d has 3t a priori values (as 
elements of D), of which 3 are trivial [see (7.1)]. Thus there are, a priori, 
S = (3t - 3)/6 
possible sets (7.2a) and (7.2b). 
(7.3) 
The analogs of the quadratic decomposition (3.3) is more complicated 
since principal factors now come in two triples rather than in pair. Let 
n = a2b as in Section 5. First consider the Case (5.lb) and (5.1~) where 
R2 = a2b2. Then if d [ R2, (d = potential principal factor), 
d = dI d22 d4 ds2, (7.4) 
a = dI d2 d3 , b = d, d5 d6 , (di > 0). (7.5) 
‘Then the sets (7.2a), (7.2b) become exactly equal to 
dI d22 d4 db2, d12 d3 ds ds2, d2 d32 dd2 d, , (7.6a) 
d12 A2 d4” d5 , dt2 d3 d4 ds2, dI ds2 d: d6 . (7.6b) 
When R2 = 9a2b2 [as in Case (5.la)], the value of d in (7.4) can be also 
replaced by 3 or 9 times its value. It suffices, by symmetry, to augment the 
sets (7.6a) and (7.6b) by the additional possibility: 
3d, d22 d4 dh2, 3d12 d3 d5 ds2, 3d2 d32 dd2 d, , (7.7a) 
94” d2 dd2 d5 , 9d22 d3 d4 ds2, 94 d32 ds2 d, . (7.7b) 
It is easily seen that the number of possible choices of principal factor 
can proliferate rapidly with the number t of distinct prime divisors of R2. 
When t = 1 we have no factor sets (e = 0), when t = 2 we have 1 factor 
set possible, and when t = 3 we have 4 such sets possible, etc., by (7.3). 
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8. CASES OF FEW PRIME FACTORS 
We enumerate in detail the cases where t = 1 or 2 only. 
First take t = 1. Here n = a = r, = 51 (mod9), b = 1. There is no 
principal factor set so e = 0. If; in addition, r, = 1 (mod 9) then s = 1, 
so by (4.7), we see f 3 1; thus there is an ideal of order 3 which is not 
equivakent to one whose factors are all totally ramified. In short, when 
r, = 1 (mod 9) then 3 j h, but h,* = 1 (so f 2 1). 
Next take t = 2. There are five cases as distitiguished by factorization 
patterns of R, a, and b: 
a b R Principal Factor Sets 
rd+ Al> 1 3rl (3, 3r, , 3r12; 9, 9r, , 9r12) 
3r, 1 35 (3, 9rl , r12; 9, r1 , 3r12) 
f-1 3 3rl (3, rl , 9r12; 9, 3r, , r12) 
r,r,(= &I) 1 w2 Gi , r12r2 , r22; r12, r2 , rlr2”> 
rl( = &r2) r2 rlr2 (rl , r2 , r12r22; r12, r22, rlr2) 
(Indicated congruences are module 9.) 
(S.la) 
(8.lb) 
(8.1~) 
(8.ld) 
(8.le) 
It is not hard to lay down conditions which compel us to have e = 0 
(or no .principal factor set) by simply making some one element of the set 
a cubic nonresidue of one of the prime divisors of R. Thus the following 
cases imply e = 0 (and 3 ( h by Theorem 4.4): 
Cases (8.la), (8.lb), or (8.1~) when (3/r,), f 1, and 
Cases (8.ld), (8.le), when (rl/r2)S + 1 or (r2/r& f 1. 
[These symbol (a/t-h is meaningful only when r = 1 (mod 3), of course.] 
Actually in case (8.ld) and (8.le) when rl = r2 = 1 (mod 3), from e = 0 
and s == t, again we conclude f 2 1 in (4.7). 
The case where (3/r), = 1 occurs, for r = 1 (mod 3), only when 
4r = x2 + 243~~ (8.2) 
according to Gauss (see [3]). Some small values are r = 61, 67, 73, 103. 
For cases (8. Id) and (8.le) we might want primes where rl = r2 = 1 
(mod 3) and (r1/r2)3 = (r2/r& = 1. The smallest sums to be rl = 7, 
r2 = 223. Thus the “sufficient” residuacity conditions are not easy to 
satisfy. 
Nevertheless, on the basis of current (unpublished) computations of 
Barrucand, principal factors are conjectured to exist (or e > 0) except in 
the cases where such factors are congruentially excluded. 
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This conjecture has two interesting consequences. : Orre consequence 
is that m = 0 for t < 2 since the residuacity conditions required for 
I?Z > 0 would imply e > 0, hence h, * = 1, (all totally ramified ideals are 
principal). Another consequence would be that in certain cases f 3 2 
[by (4.7) again], possibly for cases like Q(223.49)l13, where s = t = 2 
and (conjecturally) e = 1. 
9. CONCLUDING REMARKS 
The present rational theory can be extended to a broader type of 
field but the numerical results will not be as useful. 
We shall illustrate this by citing one result which is certainly not the 
most general but includes noncyclic cubits [5] and pure fields of prime 
degree [6]. 
Let Q(c) be a field of prime degree I = II + 21, (the partition into 
real and imaginary conjugates). We let Z,, = 1 (or 0) to indicate the 
presence (or absence) of a pure surd in the field. Then 5 is called an 
“Eisenstein” generator of Q(t) with regard to (several possible) primes 
ri if 
5” - altzP1 + .*. + (-l)lal = 0, (9.1) 
where 
ri I al ,..., ri I a,-., , ri II 4 . (9.2) 
All such primes are totally ramified, but consider the subset rl ,..., r, = 1 
(mod I) and define R, = r1 ,..., rS . We then make the “independence of 
genera” assumption that if (k, R,) = 1 then infinitely many primes =k 
(mod R,) have proper ideal factors in Q(f). Then, in terms of the symbols 
of Section 2, Theorem 4.4 may be generalized as follows: 
THEOREM 9.1. Let 
vn = max(t-I,-II-I,+ l,s+m), (9.3) 
then 
I”” 1 h. (9.4) 
This result is not the strongest possible but it is restricted to quantities 
which are easily deducible (from residue characters for example). In 
greater generality, we could write I’0 1 h where 
v. = t - IO ~ e(<t - IO - & - Z, $ 1) 
and I’@+” is the (generalized) order of Dl’, (if we lack the assumption of 
independence of genera). We again defer proof and further explanation 
because such improvements are not effective until a deeper study can be 
made of units, principal factors, and independence of genera. 
PURE CUBIC FIELDS 21 
Note .ddded in proof(16 Dec. 69): In Corollary 4.2.1 we can exclude from (4.8) the 
possibility that n has two prime divisors one of which satisfies pi = -l(mod 9), e.g., 
n = 51. For unless 3 1 h, u = 0 and e = 1. Thus, E = a3/pi = --a3 (mod 9), and 3 / h 
by class-field theory! (See Selmer [14].) 
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